A stochastic model is presented, based on a double process of temporal drift and random disturbance, to fit the evolution of cross-country distribution of income and economic activity. Instead of assuming a steady state as is standard practice, a long run stationary equilibrium distribution is hypothesized, around which economic activity fluctuates. An empirical application comparing dynamics of growth in Asia and Europe tests the validity of the proposed method. In particular, results point out that the distribution of income and economic activity is approaching a long run equilibrium at a faster rate in the case of Asia, and that the dispersion of the distribution is shrinking over time above all in the case of Europe. Main implications are supportive of the convergence hypothesis, and suggest that diffusion may be a potential technique for the analysis of growth dynamics.
Introduction
The study is motivated by the observation that early leaders in industrial revolution like the UK and the Netherlands needed over 50 years for income to double from $2000 to $4000, but countries that reached $2000 after 1950 needed 10 -20 years [1] . It would not be unreasonable to consider that the shortening of time required for doubling per capita income may be attributed to a change in the velocity of factor mobility. Consistent with this observation, we hypothesize that income fluctuates around some long run stationary equilibrium according to a temporal drift and random disturbance. A drift-diffusion model is proposed, to express income adjustment process with noise, where dynamics of income rely on two counteracting forces: 1) a mean-reversion process along time, driven by mobility of factors of production and 2) a diffusion process across regions, driven by search and learning and trial and error. The present paper is one of a rather small group of evolutionary studies which eschews simulation in favour of analytical derivations.
Theoretical Framework
Debates on growth theory have contrasted the convergence predictions of the neoclassical growth models of Swan [2] and Solow [3] with predictions of potential non-convergence from endogenous technological progress of Romer [4] and Aghion et al. [5] . In his classic Contribution to the Theory of Economic Growth [3] , Solow proposed that we study economic growth by assuming a standard neoclassical production function with decreasing returns to capital. In Solow's world, there are two inputs, capital and labor, which are paid their marginal products. Countries may differ in technology, resource endowments, geography and institutions. In standard neoclassical growth theory with diminishing returns, a country's growth rate will be inversely related to its initial income. If all economies are assumed to have the same steady state, in the absence of shocks, countries at different stages of economic development are predicted to experience absolute convergence. It has been argued that much of the cross-country differences in economic outcomes can be traced to differing determinants of the steady state in the Solow growth model. If, more realistically, economies are assumed to have different steady states contingent on differences in parameters such as accumulation of human and physical capital and population growth, then neoclassical theory only predicts conditional convergence [6] .
In particular, since the works of Baumol [7] , Barro [8] and Mankiw et al. [9] , the existence of convergence in economic outcomes within groups of similar countries has been largely recognized. What is less known, however, is the dynamics in question. The present study helps fill this gap, by providing a novel methodology to summarize growth dynamics. A model is proposed to describe the fluctuations over time in the density of cross-sectional distribution of income and economic activity. It is hypothesized that economic activity fluctuates around its long run stationary equilibrium according to a temporal drift and random disturbance. These flows follow simple stochastic laws that can be described with a few parameters; parameters which can be estimated from historical data with some accuracy.
Model
Consider a region consisting of a constant number of countries with different levels of income and output 1 . The set of incomes forms a distribution which evolves over time. Consider the basic conservation law, with flux interpreted as the number of countries entering and number of countries exiting an income/output interval. Assume that flux is made of two different parts: a mean reversion process-call it drift, and a random process-call it diffusion. The counteracting forces of drift and diffusion result in a long-run stationary equilibrium distribution of economic activity. The equilibrium is a result of tension between counteracting forces of convergence and divergence.
More precisely, for the drift spread, it is assumed that there exists some equilibrium distribution of economic activity with a certain mean and variance, towards which the ensemble of countries gravitates, and the process is governed by a velocity of convergence. Convergence is a result of adjustment of capital-labor ratios to common steady-state levels starting from different initial values [1] . This adjustment is driven by diminishing returns [2, 3] . For the diffusion spread, a search and learning process generates randomness in the system [10] [11] [12] [13] . Bottlenecks in the flow of labor and capital and random effects cause a spread of income/output from high density towards lower density. Noise is generated by diffusion of knowledge and learning, and limited by the presence of obstacles in the form of trade barriers and the like.
In order to interpret and quantify this relationship, consider a classical linear stochastic differential equation in which the flux of probability consists of a drift and some diffusion. The history of a country's economic activity is governed by an ordinary differential equation
x, we obtain:
Assume that > 0 x and that the solution   , X x t remains positive (see Appendix A).
From the point of view of diffusion processes, consider a stochastic differential equation of the Ito type:
where  is a small positive constant, and g is the drift.
W is a standard Wiener process (see Appendix B). Consider the form
  where > 0, u and > 0  .  denotes the adjustment rate, which for simplicity is assumed constant. u denotes the mean of the stationary equilibrium distribution. In this case, each point moves toward the position u, but never reaches it. In general, one can study a Markov process generated by a matrix of transitions from one level of income/output to another, where the Markov process can be treated as income/output diffusion. Then one can apply the general Fokker-Planck equation to describe evolution in time of economic activity. Hence, assuming that income/output behaves like a stochastic process and that it is continuous and Markovian, we consider the most natural candidate; a classical linear stochastic differential equation driven by a standard Wiener process 2 . Our picture of world development is thus one where convergence is counterbalanced by divergence. Convergence in the context of the present model would mean collapsing of the cross-section distribution. Divergence would mean that the cross-section distribution replicates itself because for example it happens to be the stationary distribution for many independent and identically-distributed country outputs.
Empirical Analysis

Data
We use data on GDP per capita for nine Asian economies between the years of 1980 to 2007. The countries are: China, Hong Kong, Indonesia, Japan, Malaysia, South Korea, Singapore, Taiwan and Thailand. Figure 1 illustrates the evolution of the distribution of average GDP per capita. We observe a steady growth with the East Asian Financial crisis of 1997 standing out. Table 1 reports the descriptive of log GDP per capita for this population.
For comparison, consider GDP per capita for 24 countries in the European Union: Austria, Belgium, Bulgaria, Cyprus, Czech Republic, Denmark, Estonia, Finland, Figure 2 illustrates the evolution of the distribution of average GDP per capita. Table 2 reports the descriptive of log GDP per capita for this population. All data has been collected from Datastream.
Estimation
The expectation of the distribution representing the time development of the differential equation expressing the growth dynamics is:
and the variance of the distribution:
The model has been applied to log GDP per capita distribution for the two populations as a function of time, using non-linear least squares estimation 3 . A two-step procedure has been employed to estimate the model parameters, where 0 u denotes the initial mean of the distribution, and u denotes where the mean is heading. 0  represents the initial standard deviation,  represents the diffusion parameter, and  represents the velocity of income/output convergence.
Tables 3 and 4 report estimates for the five model parameters, along with the standard errors and t-values for Asian and European populations respectively (in logs). Figures 3 and 4 illustrate the evolution of real versus fitted mean and variance of the distributions for Asia and Europe respectively.
As expected, the mean of the distribution is clearly evolving for both European and Asian populations, corresponding to our theoretical predictions. The variance of the distribution is likewise evolving for both populations. Results point out that the distributions are approaching a long-run equilibrium (at a faster rate in the case of our European economies). One might speculate that this pressure towards reduction of disparities across European countries may be attributed to the establishment of the Maastricht Treaty in 1993. The diffusive limit suggests that the distribution variance will tend toward a constant and concentrated around a mean u, which is larger for our Asian population than for our European one.
By considerations of analytical tractability, the model developed in this paper is simplified. An extension which would significantly enrich the analysis would be to include exogenous control variables that shift the conditional mean (e.g., business cycle effects). We also 3 The expression representing the time-development of the distribution is: observe that the rate of approach to the final equilibrium as well as the relaxation time in our model only depend on  characterizing the drift term. This feature is entirely inherent to the linearity of the dynamics considered, and turns out to be a limitation in the modeling capability offered by Ornstein-Uhlenbeck. For nonlinear drifts, this feature does not occur anymore and the noise strength strongly affects the transient behavior of the probability density.
Conclusions
Over the past two centuries, the interplay of geography and policies has produced disparities in economic outcomes. Given the emergence of a global system, parts of the developing world are now narrowing the income gap with richer nations [20] ; we witness a tendency towards convergence between nations at different levels of economic development. Monitoring this momentous development requires appropriate techniques for quantification and interpretation. This paper proposes one such technique. The results suggest that diffusion is a potential method to monitor regional growth dynamics. 
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